We study the bound-free electron-positron pair production in relativistic heavy-ion collisions to different bound states in a full plane-wave Born approximation calculation. Exact Dirac wave functions are used for both the bound electron and the free positron in the final states. Results for the relativistic heavy-ion collider as well as the forthcoming large hadron collider are given. This process is one of the dominant beam loss processes and can become critical for the operation with heavy ions. A simple parametrization is given as well. We compare our results with calculations of other groups.
I. INTRODUCTION
Bound-free pair production is one of the new types of processes that occurs in relativistic collisions of atoms and ions. It is the production of an electron-positron pair with the electron not produced as a free state, but as a bound state of one of the ions:
This process changes the charge state of the ion. Due to the change in the charge-to-mass ratio, such an ion will be lost from the circulating beam and the luminosity will be seriously affected. Together with the electromagnetic dissociation, this process is the dominant beam loss process at the relativistic heavy-ion collider ͑RHIC͒ and the large hadron collider ͑LHC͒ at CERN when using heavy ions ͓1-3͔. In addition to the beam loss itself, it was recently discussed in ͓4͔ that the capture process can lead to localized beam-pipe heating. This could cause magnet quenches if the local cooling is inadequate. Therefore, it is very important to know this cross section with high accuracy and reliability.
We want to mention also that the corresponding process using antiprotons as the ''target'' has recently found an application in the production and detection of relativistic antihydrogen; see ͓5,6͔. In a collision of the antiprotons with a target, again electron-positron pairs are produced. The positron can be produced in a bound state of the antiproton forming an antihydrogen atom. Using the equivalent photon method, this cross section was calculated in ͓7͔. In the equivalent photon approximation, the cross section factorizes into a photoinduced cross section and an equivalent photon spectrum. This spectrum depends on a cutoff parameter, which should be chosen appropriately. Using the plane-wave Born approximation ͑PWBA͒ expression for the cross section, one can avoid this ambiguity and see also how this parameter should be chosen. This was done in ͓8͔ and ͓9͔. In these papers, differential as well as total cross sections are given as a function of the collisional energy. Whereas in the latter reference, approximate lepton wave functions appropriate for low values of Z T , the charge of the antiproton, have been used, exact Dirac wave functions, which are also valid for higher values of Z T , have been used in ͓8͔.
It is the purpose of this paper to calculate the cross sections for the energy region of the colliders RHIC and LHC exactly within the plane-wave Born approximation or ͑which is equivalent͒ the semiclassical straight line approximation ͑SCA͒, including also higher shells. Previously, such kinds of calculations were done using the Weizsäcker-Williams method ͓10,11͔. Higher-order effects ͑in the interaction with the projectile͒ have been considered by a number of groups, see, for example, ͓12-14͔. Recently, exact calculations have been done in the high-energy limit by Baltz ͓15͔. He finds that the contributions from higher orders are rather small ͑of the 1% level͒ and even tend to decrease the cross section. This is in contrast to results found at much smaller energies with Lorentz factors in the target rest frame ␥ T Ͻ3 ͓16,17͔, but see also ͓18,19͔.
In Sec. II we extend the formalism presented in ͓8͔ to the relativistic heavy-ion case, also including now formulaes for the higher atomic states. Numerical results are then presented in Sec. III and we discuss the dependence on the beam energy and on the principle quantum numbers n and . We review these results with those existing in the literature in Sec. IV. Finally, our conclusions are given in Sec. V.
II. PWBA OR SCA THEORY OF BOUND-FREE PAIR PRODUCTION
The total cross section for bound-free pair production ͑per electron state͒ in Lorentz gauge is given by ͓20,8͔
where ␤ ជ T ϭv ជ /c is the velocity of the projectile in the target rest frame, ␥ T ϭ(1Ϫ␤ T 2 ) Ϫ1/2 is the Lorentz factor in the target rest frame, and F(k 2 ) is the form factor of the charge distribution of the projectile. For electrons and positrons, we can set this form factor F(k 2 )ϵ1. ͑For the pair production of muons and tauons, this form factor will become important.͒ We denote the fine-structure constant by ␣ em to distinguish it from the usual Dirac matrices ␣ ជ . The spatial momentum transfer from projectile to target is បk ជ . The absolute value of the wave vector k ជ is denoted by k, and its z component is related to the energy of the photon as
The total energy of the bound electron is E f and the one of the electron in the continuum is E i . ͑Please note that E i is negative.͒ i (r ជ ) and f (r ជ ) are the Dirac-Coulomb wave functions describing the initial negative continuum state and final bound state. The charge numbers of the projectile and target are denoted by Z P and Z T . The same expression Eq. ͑2͒ in the Coulomb gauge reads
͑4͒
Equation ͑4͒ can be obtained from Eq. ͑2͒ by making use of the current conservation. Both equations are therefore identical only when exact eigenfunctions of the Dirac Hamiltonian are used, as already stressed in ͓20,21͔. The four-component Dirac spinor in a spherically symmetric field is given by
͑5͒
The angular dependence is expressed by the spin-angular functions
where is the Pauli spinor and
The radial Dirac equation is
The radial functions in the Coulomb field V(r)ϭϪ/r ͑with ϭ␣ em Z T ) for the bound states are given by
͑10͒
The corresponding energy eigenvalues are
where n is the principle quantum number defined by nϭn r ϩ͉͉. ͑12͒
The quantity ␤ corresponding to the energy eigenvalue is
The adequate normalization for bound states is
and the normalization constant is found to be
.
͑16͒
The continuum Dirac-Coulomb wave functions are
which are normalized according to
In Eq. ͑17͒ kЈ, , , and N f are given by
Please note that EϾmc 2 for positive-energy continuum wave functions and EϽϪmc 2 for negative-energy states. Starting from the expression in the Coulomb gauge ͑4͒, the angular integration can be performed analytically ͓22͔ to get
͑21͒
This equation can be rewritten as an integration over k Ќ , with k 2 ϭk Ќ 2 ϩk z 2 :
͑22͒
In this form the increase of the cross section with ln ␥ T can be clearly seen due to the second term ͑proportional to T Ќ ) in the integral. T l and T Ќ are given by
and the radial integrals are
These rapidly oscillating radial integrals are in general very difficult to calculate. T l and T Ќ are independent of the Lorentz factor ␥ and can be evaluated before the integration over k and E i in Eq. ͑21͒. Also, the summation over the i can be done in advance. Results for different values of ␥ can then be obtained from the same set of T l and T Ќ . We were able to do the evaluation of the radial integrals in Eqs. ͑25͒ and ͑26͒, using the recursion relations from ͓23͔. These relations are rather stable in the whole range studied by us. As individual terms can become quite large or small, we were forced to use floating point numbers with an extended range of the exponent. The convergence of the sum, on the other hand, was no problem. We have also independently checked the accuracy of the radial integrals by a direct integration. For the very high values of ␥ we are interested in, the integration extends to both the very low and the very high values of k, as well as E i . We have therefore used a logarithmic grid using values for E i and k up to 500m e . Up to 200 angular momenta l ͑and therefore also ͒ were used to get a good convergence. The final integration over E i and k was then done with an automatic integration with high accuracy. The routine was especially sensitive to the peaked nature of the integral at E i ϳk. Up to the values of ␥ of the LHC, which we were interested in, we expect the overall accuracy of the final cross section to be about 1%.
III. NUMERICAL RESULTS
We give our results for symmetrical collisions where the charges of both ions are equal; Z P ϭZ T ϭZ. The cross sections refer to capture to one of the ions only. Since the cross section for capture scales with Z P 2 , the cross section for asymmetrical collisions is obtained by scaling the cross sections with Z P 2 /Z 2 . In Table I we give the cross sections for the different ions and for different bound states. This table was already presented in ͓22,24͔. We have used the conditions as they are relevant for Au-Au at RHIC and Pb-Pb at LHC. In these colliders, each of the ions is assumed to have a Lorentz factor of ␥ c ϭZ/A␥ p . For RHIC we take ␥ p ϭ250; for LHC ␥ p ϭ7500, respectively. For different values of ␥ c the cross section can be obtained by using Eq. ͑28͒. The cross sections are larger than the ones quoted in the ''ALICE technical report'' ͓3͔. The Lorentz factor ␥ T in the rest frame of one of the ions, which is the relevant one for the bound-free pair production, is then given by
For RHIC ͑LHC͒ this corresponds to ␥ T ϭ2ϫ10 4 (␥ T ϭ1.8ϫ10 7 ). For large values of ␥ c it was found that the cross sections can be parametrized as ͓13͔ ϭA ln͑␥ c ͒ϩB. ͑28͒
We also give the values of the constants A and B in the table.
In Fig. 1 we show the dependence of the different cross sections on the ion charge Z. As the cross section for the s states is known to be proportional to Z 7 for low values of Z ͓25͔, we divide through this factor. The most striking result is that the cross section for the capture into the 2p 1/2 state increases rapidly with Z and becomes even larger than the one for the 3s state for heavy ions. The cross section for the 2 p 3/2 shows a clearly different behavior. We attribute this difference to the ''small component'' of the Dirac wave function. This wave function has an s-wave character for the p 1/2 state and a d-wave character for the p 3/2 state, respectively. With the increase of Z, the ''small component'' gets more important and leads to the different behavior of the two cross sections. This is also in accord with a qualitative discussion of relativistic effects of the Dirac wave function for bound states as a function of Z ͓26͔.
For the cross section to the different s states as a function of the principle quantum number n, a scaling law is found in the nonrelativistic limit,
that also appears, e.g., in the photoelectric effect ͓26͔. This scaling law arises because the value of the wave function at the origin,
enters in the expression for the cross section. Our calculations confirm this 1/n 3 scaling to a high accuracy once more and for all values of Z. With this scaling law we can sum the contribution from capture processes into all s states ͓25͔,
where denotes the Riemann function. For low atomic numbers Z the contributions from s orbits are the most important ones, whereas the cross section to the 2p 1/2 contributes of the order of 6.5% in the heaviest cases.
IV. COMPARISON WITH OTHER CALCULATIONS
In this section we want to give a comparison of the results that have been obtained with different approaches. The results for the cross section are summarized in Table II . A large number of calculations exist, including the electromagnetic interaction ͑with the projectile͒ to all orders. Most of them have been done for beam energies much smaller than those available at the relativistic heavy-ion colliders. In order to get results for energies, at RHIC and especially at LHC energies extrapolations were used; see below. A calculation within the PWBA approximation was done by Becker and co-workers ͓27,28,14͔. Calculations up to values of ␥ T ϭ1000 have been done and an interpolation formula of the form
͑using our notation͒ and tabulated values for a and ␥ 0 can be found in ͓27͔. The parameters a and ␥ 0 depend slightly on Z T . Using the value of a for Zϭ80 for both Au and Pb, we get values of 93 b ͑Au-Au at RHIC͒ and 226 b ͑Pb-Pb at LHC͒, respectively. In ͓25͔ a calculation is done making use of the Sommerfeld-Maue wave functions as an approximation to the exact Coulomb-Dirac continuum wave functions and also using an approximation for the bound-state wave function, which is valid in the limit Z␣Ӷ1. They found their result in SCA to be equal to the one derived within the equivalent photon approximation. Using their formula we obtain results that are substantially lower ͑by a factor of 2͒ than our results here. As their approximation is strictly valid only in the limit Z␣Ӷ1, such a discrepancy is perhaps not surprising.
Baltz et al. treated the problem in a series of papers ͓12,13,18,29͔. For large impact parameter they also make use of a perturbative treatment. In addition, they simplify the interaction potential by taking only lowest-order terms in 1/␥ T and also expanding in /b, where is the electron coordinate and b the impact parameter. They proposed the parametrization of the cross section for large values of ␥ T of the form ϭA ln͑␥ T ͒ϩB, ͑33͒
with the interpretation of A to be given by the perturbative part only and the influence of higher-order terms at small impact parameter to be present in B only ͑of course this parametrization is identical to the one of Becker et al. above͒ . Tabulated values for A and B are given in ͓13͔. From them ͑and choosing for b min ϭ1 c ), we get a cross section of 83 b ͑Au-Au at RHIC͒, 161 b ͑Au-Au at LHC͒, and 436 b ͑U-U at LHC͒. They also give the cross section to be 89 b ͑Au-Au at RHIC͒ in the text where contributions from nonperturbative processes at small impact parameter have been included. No results for lead-lead collisions are given, but assuming a Z 7 scaling, we get ͑from the extrapolation of the Au results͒ a value of 206 b ͑Pb-Pb at LHC͒, and from the extrapolation of the U results, a value of 195 b ͑Pb-Pb at LHC͒ using the ␥ T dependence of Eq. ͑33͒.
In ͓30͔ a calculation is done using the cross section of the free pair production cross section and folding it with the momentum distribution of the bound state. The electron is therefore described by a plane wave. For Au-Au collisions at RHIC, a cross section of 72 b was found by them, but see also ͓31͔.
Two calculations making use of the equivalent photon approximations have been performed also. In both, exact solutions of the Dirac equations are used. In the equivalent photon method, a cutoff parameter has to be introduced, which leads to some uncertainty in the results. In ͓10͔ capture to the 1s state was calculated. The results were also compared with the cross section for bound-free pair production induced by real photons at low photon energies by ͓32͔. Experiments were first done at Bevalac at 1 GeV/A ͓33-35͔. A cross section of 2.19͑0.25͒ b for Au-U collisions and capture on the U projectile was found. Experiments were also done at the alternating-gradient synchroton at 10.8 GeV/A corresponding to ␥ T ϭ12.6, ␥ c ϭ2.6 ͓36,37͔. A cross section of 8.8 b was found for Au-Au collisions ͑our calculation gives 11.86 b.
1 The experimental results were found to be in agreement with the theoretical results of ͓28,30͔.͒ A measurement has recently been done at the CERN SPS with a 158 GeV/A Pb beam (␥ T Ϸ168, corresponding to ␥ c ϭ9.2) ͓38͔; see also ͓39͔. The capture to the Pb ion was studied for several different targets. For a gold target, a value of 44.3 b is given ͑our result is 45 b͒. Assuming a scaling of the cross section as given above Eq. ͑28͒ and assuming B ϭϪ24 b from ͓18͔, they give extrapolated values of 94 b ͑Au at RHIC͒ and 204 b ͑Pb at LHC͒. Again, these values agree quite well with our results.
V. CONCLUSIONS AND OUTLOOK
Apart from neglecting higher-order effects in the projectile charge, we have given a full calculation of the boundfree capture cross section. Since such higher-order effects were shown to be small ͓15͔, our predictions should be very reliable. Overall our results are in agreement with a number of other calculations, using different approaches. These calculations are also very important for the questions of lumi-nosity loss and localized beam pipe heating ͓4͔, especially at the LHC.
Muon and -lepton bound-free pair production can be calculated similarly. Since the bound-free pair-production cross section scales with 1/m lepton 2 ͓25͔, these cross sections will be much smaller than the ones for e ϩ -e Ϫ pair production. Especially for heavy nuclei, it will be necessary to use finitesize lepton wave functions. In addition to the 1/m lepton 2 scaling, there will also be a severe reduction of the cross section due to the form-factor effects. Maybe such exotic atoms could be interesting for physics ͓40͔. We mention that the lifetime of the free lepton is given by ctϭ87.2. For a Lorentz factor of about 100, this is still a very short distance of about 0.1 mm for the decay length of such an atom. On the other hand, a muonic atom lives long enough and could be extracted from the beam ͑similar to the antihydrogen experiments ͓5,6͔͒.
In a fixed target experiment, the effect of screening the atomic electrons can be incorporated as well by using a screened Coulomb potential for both the wave function, as well as the interaction with the projectile ͓Fϵ " 1 in Eq. ͑2͔͒. This could be relevant for the CERN fixed target experiments ͓38,39͔. This effect has been studied in ͓41͔ and was found to be on the percent level. RHIC is running right now and we expect that the present numbers will soon be tested. In the meantime an article by Bertulani and Dolci appeared ͓42͔. This is a continuation of ͓9͔ to the heavy-ion case. In it they give an explanation why the approximation used in ͓25͔ does not work well for large values of Z.
